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Tension of a Semi-infinite Plate Containing a Row
of Elliptical and Circular-Arc Notches

Tadatoshi MATSUOQ, Nao-Aki NODA,
Yukitaka MURAKAMI and Shoji HARADA

This paper deals with a row of equally spaced equal elliptical and circular-arc notches in a semi-
infinite plate subjected to tension. Based on the concepts of the body force method, the problems are
formulated as a system of singular integral equations with Cauchy-type singularity, where the
densities of body forces distributed in the x- and y-directions of semi-infinite plate are unknown
functions. In order to satisfy the boundary conditions along the notches, eight kinds of fundamental
density functions proposed in our previous paper are used. Then the body force densities are
approximated by a linear combination of the fundamental density functions and polynomials. In the
analysis, the shape and position of notches are varied systematically ; then, the magnitude and
position of the maximum stress are examined. For any fixed shape and size of notches, the maximum
stress is shown to be linear with the reciprocal of the number of notches.

Key Words: Elasticity, Body Force Method, Numerical Analysis, Singular Integral Equation,
Stress Concentration, Elliptical Arc Notch, Interaction Effect
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(a) A row of semi-elliptical notches

(b) A row of circular arc notches

(a=b=p, c=V2tp—1?)
Fig.1 Problems
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Table 1 Stress distribution along the most
outer notch boundary

N H) 6
O(deg.)| M ot an nt ot On Tt
4 [0.8796(-1.5x10"7 [-1.1x107? | 0.8779 {-1.5x10"? [-1.1x10"¢
8 |0.8945] 6.2x10°* | 5.3x107* | 0.8920 | 6.2x10°* | 5,2x10™
40 12 | 0.9004 [-1.8x10"% |-5,3x10"* | 0.8977 [-1.7x10"* [-4.@x10"*
16 | 0.9022 [-3.6x10°* |-1.7x10"7 { 0.8995 | 9.8x10"® [-1.6x10"?
20 | 0.9028 [-1.4x10"7 [.5.7x1077 [ 0.9001 |-1.3x10°* [-3.7x10"*
24 | 0.9030 [-1.1x10"7 [-6.1x10"" | 0.9003 | 4.6x10°" | 1.4x10"*
4 [1.9278 [-7.2x1073 [-1.9x107% | 1.9212 {-7.1x107% [-1.9x10"3
8 1.9477 [-1.8x10" [-1,3x10"* | 1.9406 [-1.8x10"* [-1.3x10"*
60 12 [ 1.9504 | 9.2x10°¢ { 1.5%10°* | 1.9441 | 9.3x10°* | 1.1x10°*
16 | 1.9526 |-2.3x1077 | 2.0x10°7 | 1.9452 |-1.1x10"* | 7.6x10"*
20 | 1.9530 |-1.9x10°7 | 1.2x10°7 | 1,9456 | 6.2x10°* | 1.1x10"*
24 [ 1.9532 [-1.6x10"7 | 9.3x10°* | 1.9458 | 1.3x10"* |[-2.8x10"°
4 2.5714 | 1.0x1072 |.1.2x10"? | 2.5605 | 1.0x10°? {-1.1x10"?
8 2.5639 { 4.0x10% 1 2.1x10°% | 2,5529 | 4.0x10°* | 2.1x10"®
80 12 | 2.5669 | 2.4x10°* | 4.6x1077 | 2.5557 [-2.3x10°* | 1.9x10"7
16 | 2.5677 [-1.0x1077 | 3,7x10°7 [ 2,5564 | 1.1x10°* [ 5,4x10"*
20 [ 2.5680 |-9.6x10°* | 2.8x10°7 | 2.5567 | 4.2x10°* | 5.6x10"*
24 | 2.5681 [-8.5x10"* | 2.3x10°7 | 2.5568 | 3.3x10°'°| 1.4x10°'°
4 [2.5764 | 1.3x10°3 [-3.7x10°2 | 2.5646 | 1.3x107 |-3.7x107}
] 2.5683 [ 2.1x107* | 9.4x10% | 2.5564 | 2.1x107* | 9.4x10°}
90 12 [ 2.5703 | 3.9x10°® [-1.1x10"* | 2.5582 | 3.9x10°® {_7.4x10"7
16 | 2.5709 |-1.7x10"* [.9.8x10"* | 2.5588 |-1.7x10"* |-4.6x10"*
20 | 2.5711 [-3.9x10°" | 2.3x10"* | 2.5590 [-3.8x10"° | 4.8x10°°
24 | 2.5712 [-6.3x107%°| 5.3x10°* | 2,5591 [-5.7x10°%°|-2.2x10"*°
4 2.3463 | 9.3x10°% [-4.5x107 | 2.23347 [ 9.2x107? |-4.4x107
8 2.3489 | 3.5x10° | 1.1x10"% | 2.3372 | 3.5x10°% | 1.3x10°%
100 12 | 2.3503 |-2.0x10"* | 1.5x10"7 | 2.3386 [-1.8x10"* | 5. 6x1077
16 | 2.3508 | 6.3x10°7 f-1.1x10"* | 2.3390 | 2.2x10°° | 4.3x10"°
20 {2.3510 | 1.5x10°* | 3.4x10°® [ 2.3391 [ 4.0x10"* | 4.9x10"*
24 | 2.3510 | 2.0x10°° | 5.4x10"* | 2.3392 | 4.5x10*°| g.gx10°}
4 1.3714 |-5.6x1072 |-4.9%107> | 1.3634 [-5.6x10"* [-4.9x107}
9 1.3990 |-1.2x10°* |-2.0x10"% { 1.3909 [-1.2x10"* [-1.9x10"?
120 12 | 1.3997 ] 5.4x10°¢ [.2.0x107% | 1.3916 | 5.1x10" |-2.4x10"¢
16 | 1.3999 [ 3.7x10°7 [ 2.3x10°7 | 1.3918 | 3.9x10°* | 4.4x10™*
20 | 1.3999 | 2.8x10°7 | 1.6x107 [ 1.3918 | 1.7x10°* | 5.1x107?
24 [ 1.3999 | 2.6x10°7 | 1.3x107 | 1.3917 | 3.6x10"* [-1.8x10"?
) 0.3214 |-1.2x1073 | 1.2x10°? | 0.3183 [-1.2x10"? | 1.2x10"?
8 0.3363 [ 2.8x10°' |-5.5x10"3 | 0.3335 | 2.8x10"* | -5.8x10"*
140 12| 0.3354 [-7.0x10°% | 2.8x10"% [ 0.3326 [-7.4x107¢ | 3.2x10°¢
16 | 0.3354 | 1.9x1077 [<1.1x1077 | 0.3326 |-1.2x10°7 [-7.4x10"®
20 | 0.3352 | 2.6x1077 |-6.2x10"* | 0.3324 |-4.1x10"" |-1.7x10"*
24 | 0.3351 | 2.2x1077 |.3.2x10"" | 0.3323 [-3.0x10"* | 7.5x10°°
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O, Maximum stress of matrix
at each boundaries
s oo:o-ll/“.
fmax L 85.1
85.185-1¢ N=7 N=g - ]
85.0 as§085-°35q-°°5'° R ” N9 welo Bell ),
N=o00
0.80 .4
0.70 A
. .\ 90.0
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Fig.2 Variation of S;mex of semi-infinite plate containing a row of semi-circular notches
1.0 Table 2 Relationship between Smax and a/d
R ———a—r— 1.0 1.0
1 g 24| o.80 | o.83 | 0.87 [ (0.87 | (0.83
-0.83)| -0.80)
0.9 4 3 0.73784{0.73481/0.73233| 0.7249 ] 0.7228
. S 0.68362/0.67941|0.67559] 0.6641 [ 0.6625
7 0.65932[/0.65449[0.65002| 0.6366 | 0.6352
b4 0.64539(0.64017/0.63534]/ 0.6209 | 0.6194
I 11 0.63632]0.63084/0.62575| 0.6105] 0.6090
_____ - 13 0.62989|0.62434/0.61932| 0.6043 | 0.6022
0.8bL..--" * a/d=0.2 ©( 9-11)|0.5955 [0.5889 ]0.5826 | 0.564 | 0.562
« a/d=0.4 00(11-13)/0.5945 |0.5886 |0.5840 | 0.570 | 0.565
a a/d=0.6
v a/d=0.8
, BROSIRIVCBVT, 05=1,00=00D & % Snax &
]
0.7 | 1N ZIZIRERERE R L 2RITERLE L TR
1 1 11 1 1 1 L =
12 8 65 4 3 2 N L, Ih2HF¥EYE N OLBEE» SHBEL Tw

Fig.3 Relationship between Smax and 1/N
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EEEBET L EDOBKIEST(Simax DEEASE Smax, &
TERBLHAMOVIRZIZELS) LYIREDEKN
ORfRERLEMTH S, GHSEVHASI®ET 3

30, KFEFEERICL D EIETIRFIOBEIC S Snax
& 1/N HOBGBEFRSIZIREY IO b h s, &
SIZ, BRIGHE a/dMOBREERET 3. £2.2
ald ®EALS ¥ L EhROYIREIZE L BB KICH
DE%EFRT, R2HPDo(9-11D)FDEIZ N=9 & N=
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EDQJ/ANICHDOETH S, £72, (0.87-0.83) FDHEIL,
ald=087 & a/d=083 DEHHKER L SNFEIZL>T
Koz, ald=1.0 DBEOBRKIGHOETH 3, (0.87-
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Table 3 Maximum stress at the outermost notch in a semi-infinite plate containing a row
of semi-circular notches (a=b) shown in Fig.1(a) in comparison with a row of
circular holes [N : number of notch, Smex=max(S;max), 7 : at the outermost notch,
S, max= G max/0g, 0o : Omax 0f single semi-circular notch]

a/d 0.0 0.0 0.2 0.4 0.6 0.8
N (deg.) Lo ] (deg.) Smax (deg.) Smax (deg.) Smax (deg.) Smax (deg.) Smax
2 90.0 3.0653 90.0 1.0000 89.5 0.9718 87.6 0.9203 85.7 0.8885 84.5 0.8740
3 90.0 3.0653 90.0 1.0000 89.5 0.9652 87.4 0.9032 85.3 0.8642 84.0 0.8427
4 90.0 3.0653 90.0 1.0000 89.5 0.9623 87.3 0.8956 85.2 0.8536 83.8 0.8332
S 90.0 3.0653 90.0 1.0000 8%.5 0.9606 87.3 0.8912 85.1 0.8470 83.7 0.8242
Present analyais 6 | 90.0 3.0653 | 90.0 1.0000 | 89.5 0.9596 | 87.2 0.8885 | B5.1 0.8431 { 83.7 0.8203
7 90.0 3.0653 90.0 1.0000 B89.5 0.9588 87.2 0.8864 85.1 0.8401 83.7 0.8161
8 90.0 3.0653 90.0 1.0000 B89.5 0.9583 87.2 0.8850 85.0 0.8379 83.7 0.8137
-— nd 9 90.0 3.0653 90.0 1.0000 89.5 0.9578 87.2 0.8839 85.0 0.8360 83.7 0.8123
= @: 10 | 0.0 3.0653 | 90.0 1.0000 | 89.5 0.9576 | 87.2 0.8829 | 85.0 0.8348 | 83.6 0.8097
11 90.0 3.0653 90.0 1.0000 89.5 0.9573 87.2 0.8824 85.0 0.8337 83.6 0.8082
12 $0.0 3.0653 90.0 1.0000 89.5 0.9571 87.2 0.8817 85.0 0.8328 83.6 0.8071
©o 90.0 3.0653 90.0 1.0000 0.9549 0.8740 0.8229 0.7950
2 90.0 3.000 90.0 1.000 89.7 0.976 88.0 0.926 85.9 0.890 84.2 0.874
Ref., (2,8) 3 90.0 3.000 90.0 1.000 89.6 0.970 87.7 0.911 85.6 0.869 84.2 0.849
4 90.0 3.000 90.0 1.000 89.6 0.967 87.7 0.904 85.4 0.859 84.1 0.837
5 90.0 3.000 90.0 1.000 B9.6 0.966 87.7 0.900 85.4 0.853 84.0 0.830
.__. 6 | 90.0 3.000 | 90.0 1.000 | B9.6 0.965 | 87.7 0.897 | 85.4 0.850 | 84.0 0.826
- I 7 90.0 3.000 90.0 1.000 89.6 0.964 87.7 0.896 85.4 0.847 83.9 0.822
i - 8 90.0 3.000 $0.0 1.000 89.6 0.964 87.7 0.893 85.4 0.844 83.9 0.819
©o 90.0 3.000 90.0 1.000 0.961 0.886 0.832 0.806
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Table 4 Maximum stress at the outer most notch in a semi-infinite plate containing a row of semi-elliptical
notches shown in Fig.1(a) [N : number of notch, Smax=max(S;mex),/: at the outer most notch,
S, max= O5max/0o, Oo: Omax of single semi-circular notch]

b/d 0.0 0.0 0.2 0.4 0.6 0.8
p/b

N (deg.) 00 (deg.) Smax | (deg.) Smax (deg.) Smax (deg.) Smax (deg.) Saax

10 90.0 5.7353 90.0 1.0000 89.9 0.9626 89.4 0.889%4 88.6 0.8301 88.0 0.7930
11 90.0 5.7353 90.0 1.0000 89.9 0.9624 89.4 0.8887 88.6 0.8290 88.0 0.7916
0.2 12 90.0 5.7353 90.0 1.0000 89.9 0.9622 89.4 0.8882 88.6 0.8281 88.0 0.7905

13 90.0 5.7353 90.0 1.0000 89.9 0.9620 89.4 0.8877 88.6 0.8274 88.0 0.7895

o 90.0 5.7353 90.0 1.0000 0.9596 0.8817 0.8190 0.7775

10 90.0 4.3120 90.0 1.0000 89.8 0.9609 88.8 0.8870 87.6 0.8311 86.7 0.7980
11 90.0 4.3120 90.0 1.0000 89.8 0.9607 88.8 0.8863 87.6 0.8300 86.7 0.7966
0.4 12 90.0 4.3120 90.0 1.0000 89.8 0.9605 88.8 0.8858 87.6 0.8291 86.7 0.7955
: 13 90.0 4.3120 90.0 1.0000 89.8 0.9603 88.8 0.8853 87.6 0.8284 86.7 0.7945

o 90.0 4.3120 90.0 1.0000 0.9579 0.8793 0.8200 0.7825

10 90.0 3.6867 90.0 1.0000 89.7 0.9597 88.3 0.8854 86.7 0.8325 85.6 0.8024
11 90.0 3.6867 90.0 1.0000 89.7 0.9594 88.3 0.8847 86.7 0.8313 85.6 0.8009
0.6 12 90.0 3.6867 90.0 1.0000 89.7 0.9592 88.3 0.8841 86.7 0.8305 85.6 0.7998
° 13 90.0 3.6867 90.0 1.0000 89.7 0.9591 88.3 0.8836 86.7 0.8297 85.6 0.7987

© 90.0 3.6867 90.0 1.0000 0.9571 0.8776 0.8201 0.7855

10 80.0 3.3166 90.0 1.0000 89.6 0.9586 87.8 0.8841 85.8 0.8339 84.6 0.8062
11 90.0 3.3166 90.0 1.0000 89.6 0.9583 87.8 0.8833 85,8 0.8327 84.6 0.8046
0.8 12 90.0 3.3166 90.0 1.0000 89.6 0.9580 87.8 0.8827 85.8 0.8318 84.6 0.8036

* 13 90.0 3.3166 90.0 1.0000 89.6 0.9579 87.8 0.8822 85.8 0.8310 84.6 0.8025

oo 90.0 3.3166 90.0 1.0000 0.9567 0.8762 0.8214 0.7893

Table 5 Maximum stress at the central notch in a semi-infinite plate containing a row of semi-elliptical
notches shown in Fig.1(a) [number of notch N=00, Snax=max(S,max), j : at the central
notch, S;max= 0;max/0o, 0o : Gmex 0f single semi-elliptical notch]

oo S jmax

p/b | b/a
=(a/b) b/d=0.0 | b/d=0.0 | b/d=0.2 | b/d=0.4 | b/d=0.6 | b/d=0.8
0.2 2,24 5.7353 1.0000 0.9214 0.7717 0.6535 0.5785
present analysis 0.25 2.0 5.2202 1.0000 0.9205 0.7707 | 0.6533 0.5798
(5.221 ) | (1.000 ) | (0.920 ) | (0.770 ) | (0.652 ) | (0.578 )
( ):Nisitani (3] 0.4 =1.58 4.3120 1.0000 0.9179 0.7666 0.6525 0.5831
0.6 =1.29 | 3.6867 1.0000 0.9152 0.7623 | 0.6521 0.5869
— — 1 0.8 =1.12 | 3.3166 1.0000 0.9128 0.7586 | 0.6518 0.5903
ot = 1.0 1.0 3.0653 1.0000 0.9106 0.7560 | 0.6529 0.5948
(3.065 ) | (1.000 ) | (0.911 ) | (0.755 ) | (0.650 ) | (0.588 )

Isida 2] 0.2 «2.24 | 5.4721 | 1.0000 | 0.939 0.810 0.691 0.608

— | o.4 =1.58 | 4.1623 | 1.0000 | 0.933 0.797 0.680 0.602
0.6 | =1.20 | 3.5820 | 1.0000 | 0.929 0.788 0.673 0.600

- —| o.8 | =1.12| 3.2361 | 1.0000 | 0.926 0.781 0.668 0.600
-— — 1.0 1.0 3.0000 1.0000 0.923 0.775 0.665 0.601

Table 6 Maximum stress at the central notch in a semi-infinite plate containing a row of circular-arc
notches shown in Fig. 1(b) [N : Number of notch, Smax=max(S;max), p=2c, c=v2tp—1*]

. t/p 0.1 0.2 0.3 0.4 0.5

3 1.4388 1.6120 1.7250 1.8262 1.9128

5 1.4102 1.5612 1.6574 1.7389 1.8076 .
7 1.3960 1.5372 1.6256 1.6994 1.7603 .S:
9 1.3878 1.5239 1.6080 1.6772 1.7336

11 1.3826 1.5154 1.5966 1.6627 1.7168 —
13 1.3790 1.5095 1.5885 1.6531 1.7046

15 1.3763 1.5051 1.5823 1.6454 1.6955 -—
oo 1.359 1.477 1.542 1.595 1.636
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